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Abstract 

The harmonicity condition of the curvature 2-form of a pseudo- 
Riemannian manifold is formulated on the basis of annulment of this 
form by the de Rham-Lichnerowicz Laplacian. The following theorem 
is proved: The curvature 2-form of any Einstein manifold is harmonic. 

It is well known [1] that on the metric space-time manifold M. the Maxwell 
equations can be expressed as 

dF = , 5F = , (1) 

where F is electromagnatic field strength 2-form and d, 5 are the operations of 
exterior differentiation and codifferentiation, respectively. One has 5 = *d* for 
even n =dimA / l with additional factor (-1) that occurs for space with negative 
signature. On the manifold A4 the Hodge-de Rham Laplacian A^ HR ^ = dS + Sd 
can be constructed. The Maxwell equations ([!]) yield A^ HR ^F = 0, so the 
Maxwell 2-form F is harmonic [1]. The question is: whether the same result 
is valid for General Relativity, and if "yes" then in what sense. 



On any Riemannian (pseudo-Riemannian) manifold one has the tensor- 
valued curvature 2-form 

n= ^(R\^ex®e°)®6» f\6 v (2) 

and the operation of covariant exterior differentiation T> [2]. One can introduce 
the generalized operation of the covariant exterior codifferentiation as V* = 
*V* and the de Rham-Lichnerowicz Laplacian 

A (RL) = W* + V*V . (3) 

The operators V, V* and act not only on usual R-valued forms but also 

on V- valued forms (with values in a linear vector space V). 

We shall denote Ricci tensor components in local coordinate frames as 
R^v = R\\v Then its trace R = R v v is the curvature scalar. A Riemannian 
(pseudo-Riemannian) manifold with Ricci tensor satisfying the condition 

Rfu, = Ag^ , A = const (4) 

is called an Einstein manifold [3]. 

Definition: The curvature 2-form of Riemannian (pseudo-Riemannian) 
manifold is called harmonic, if one has 

A (RL) Q = . (5) 

We shall prove the following theorem. 

Theorem: The curvature 2-form of any Einstein manifold is harmonic. 

The proof of the theorem will be realized in a local coordinate frame 9^ = 
dx^ . By generalizing the method developed in [4] to any (1,1) -tensor- valued 
2-form f2 one has 

VQ = l(3fiV;P e A ® e CT ) ® 6 P A 0" A 0" , (6) 
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V*tt = (n V ;p e A ® e CT ) ® 0" , (7) 
A (RL) Q = l -(tt% v ./ + 2fiV;M - 2fiV;[M)e A ® e CT (g) 0" A 0" . (8) 

Here VL\^ y ^ p denotes the covariant derivative components with respect to all 
idices A, a, /i, u. Applying now equation (j|) to the curvature 2-form @ and 
using the Ricci identity, one gets 

A^Q = ^{A^Q) x aflu e x ® e CT <g> 0" A 0" , (9) 

(A^ ^f2) u^jy (R a pv;p^ R av Rap R ap Rctv 

2 R. ap Ravp 2.R a jf R a p V 2,R al fR app) • (1 0) 

On the other hand, by covariant differentiating the Bianchi identity with 
the following contraction one gets 

dA ;p dA p _ pA p /-. -i\ 

±L apv;p ±L ap\v\p ±L av ;p;p ■ \ / 

With the help of the Ricci identity fll!]) yields 

pA ;p pA p pA p _i_ pA op pA a p 

-It apv;p *t ap\p\v av ;p;p ~t~ -it -ftQ,;/ -it o-j, r^ctp 

O pA ap p _i_ o pA p pa _ 9 pA p pa f19^ 

^ , - f t crp -f^apv ~r ^-It ap -ft CT j,p ^-Tt aI/ .TL . l 1 ^/ 

Now taking into account the following consequence of the Bianchi identity 

Rpva;p = 2-Rcr[p;y] j (1^) 



let us substitute (|T2]) into the expression (III). Then we obtain the resultant 
expression for the action of the de Rham-Lichnerowicz Laplacian to the pseudo- 
Riemannian curvature 2-form: 

A (RL) Q = 2R IM[x . a> e x 0e ff ®^Ar. (14) 

The expression (|TJj) vanishes when the condition (|j) is fulfilled. Therefore the 
curvature 2-form is harmonic when the given pseudo-Riemannian manifold is 
the Einsteinian one, as was to be proved. 



It is easy to see that the converse statement is incorrect. There exist 
curvature 2-forms that are harmonic, but not Einsteinian. 

The theorem proved above shows that the field strength harmonicity re- 
quirement is the reasonable condition also in the gravitatonal theory. This 
fact can be applied to the problem of Lagrangian choice in modern theories 
of gravitation, imposing the requirement of harmonicity on the corresponding 
curvature 2-forms. 
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